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ABSTRACT

The upper unidomination number of a path and the number of minimal unidominating
functions of a path with maximum weight were found in [ 12 ]. The upper total
unidomination number of a path was found in [ 13]. In this paper the number of minimal

total unidominating functions of a path with maximum weight isfound.

1.INTRODUCTION

Graph Theory plays a vital role in several areas of computer science such as
switching theory, logical design, artificial intelligence, formal languages, computer
graphics, compiler writing, information organization retrieval etc.

In Graph Theory, one of the rapidly growing area of research is the theory of
domination which was introduced by Berge [2] and Ore [7]. Total dominating sets were
introduced by Cockayane, Dawes and Hedetniemi [3]. Some results on total domination
can be seen in [1].

Domination and its properties have been extensively studied by T.W.Haynes
et.al.in [8], [9]. Domination in graphs have applications to several fields such as School
bus routing, Computer communication networks, Facility location problems, Locating
radar stations problem etc.

Recently dominating functions in domination theory have received much attention.
Hedetniemiet.al. [6] introduced the concept of dominating functions and the concept of

total dominating functions, was introduced by Cockayne et.al. [4]. Properties of minimal
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dominating functions are studied in [5]. The concept of total unidominating function was
introduced by the authors in [10]. Minimal total unidominating functions and upper total
unidomination number were introduced in [11]. The upper total unidominationnumber of a

path was found in [13].

In this paper the minimal total unidominating functions and upper total
unidomination number of a path are discussed and the number of minimal total
unidominating functions with maximum weight is found and the results obtained are

illustrated.

2.UPPER TOTAL UNIDOMINATION NUMBER OF A PATH

In this section the minimal total unidominating functions of a patharediscussed and

also the number of minimal total unidominating functions withmaximum weight is found.

First the concepts of total unidominating function, minimal total unidominating
functions and upper total unidomination number are defined as follows.
Definition 2.1: Let G(V, E) be a connected graph. A function f: V — {0,1} is said to be a
total unidominating function, if

fwy=1vveVand f(v) =1,
u€eN (v)

fw)=1VvVveV and f(v) =0,
u€eN (v)

where N (v) is the open neighbourhood of the vertex v.
Definition 2.2: Let G(V,E) be a connected graph.A total unidominating function f:V —

{0,1} is called a minimal total unidominating function if for all g < f, g is not a total

unidominating function.

Definition 2.3: The upper total unidomination number of a connected graph G (V,E) is

defined asmax{f(V)/f is a minimal total unidominating function}. It is  denoted
byle, (G).
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We need the following theorem published by the authors and the proof can be found in
[13]

Theorem 2.1: The upper total unidomination number of a path B, is

2 ifn=2,
I,,(B,)=1<15n
(o) l—J if n>2,
7
The number of minimal total unidominating functions with maximum weight is
found in the following theorem.

Theorem 2.2: The number of minimal total unidominating functions of P, with maximum

weight is
F 1 when n = 0(mod 7),
l;] [;] when n = 1(mod 7),
l27nJ when n = 2(mod 7),n + 2,
1 when n = 2,
2 when n = 3(mod 7),
LB BB when st
PRI s ot
J;] +1 whenn = 6(mod 7).

Proof: Let B, be a path with vertex set V = {vy,v,, ..., v, }.

Now we find the number of minimal total unidominating functions with maximum weight

in the following seven cases.
Case 1: Let n = 0(mod 7).

The minimal total unidominatingfunction f defined in Case 1 of Theorem 2.1 is given by

08 4 00+ K ¢ ¢ 2+

6111110011110 10 --- 0111110
The functional values of f are 01111100111110 — — —0111110.
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Take a- 0111110. Then the functional values of f are in the pattern of aaa..a .

These letters aaa ...a can be arranged in one and only one way. Therefore there is only
one minimal total unidominating function with maximum weight 157"J

Case 2: Let n = 1(mod 7).

The minimal total unidominating function f defined in Case 2 of Theorem 2.1 is given by

The functional values of f are 0111110...011111001110011.

Take a- 0111110, c- 01110. Then the functional values of f are in the pattern of

—8 ’ ’
aaa ...ac011. As there are"T asand one c, these letters as and ¢ can be arranged

(=) _

in(n 8) — ways Therefore there are%minimal total unidominating functions.
7

We further investigate some more minimal total unidominating functions of B, with

maximum weight in the following way.
Define a function f;:V — {0,1} by

() = { 1 fori=0,1,256(mod7)i+n,
hv) = 0 fori = 3,4(mod 7),

andf; (v,) = 0.

As in Theorem 2.1 we can show that f; is a minimal total unidominating function. Also

ElﬁW)=1+1+0+O+1+1+1+1+1+0+m+0+1+1+1+1+1+O

uevy

+0+1+1+14+40=2+

5(n—8) 5n—5
—7 t3= l

This function is given by

—
s
(=]
=]
[y
—
s
—
[
=]
= o
=
[
—
s
s
=]
=]
[
—
[
=]
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The functional values of f; are 1100111110 — ——-011111001110.

Take a- 0111110, b — 011110, ¢ — 01110.
Then the functional values of f; are in the pattern of 110aaa ...ac. In similar lines as
above we can see that there are%minimal total unidominating functions.
Define another function f,: V — {0,1} by
fLwv)=fw;) forallv,eV,i+xn—-7n-9,
andf,(v,—7) =1, f(v,9) =0, n = 15.

We can see that this is a minimal total unidominating function.

Now ) fy(W) =0+ 1+1+1+1+1+0++0+1+1+1+1+0+

uev
5(n —15) 5n
O+1+1+1+1+0+0+1+1=T+10=l7'
This function is given by
> w L - - w r— w L wr wr
o 1 1 4 1 1 0 p 1 1 1 1 0 p 1 1 1 4 g 1 1

The functional values of f, are 01111110...0111110011110011110011.
Take a — 0111110 and b —011110.Then f,is in the pattern of aaa ...abb011.These

() _ &)

letters a’s and b’s can be arranged in (n—ls), > >

ways.

n—1\/n—-8
Therefore there are#minimal total unidominating functions.

Define another function f5: V — {0,1} by
fz(v;)) =fi(v;) forallv,eV,i+n—4n—-=6
And fg(vn_4) =1, f3(vn_6) = 0, n > 15.

This is also a minimal total unidominating function.
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TWWEHMM=1+1+0+0+1+1+1+1+1+0+m

uevy

+0+1+1+1+1+04+0+1+1+1+1+0

—2+5m_1$+4+4—rq
7 17

This function is given by

The functional values of f; are 1100111110...0111110011110011110.
Take a—0111110 and b —011110. Then f;3 is in the pattern of 110aaa ...abb.

() _ ()

These letters a's and b's can be arranged in & =1 ways.
T YR

Therefore there are minimal total unidominating functions.

()

s, CRCF) G

Thus there are %+ )_ BJ : Hminimal total unidominating

functions with maximum Weightls7nJ.

Case 3: Let n = 2(mod 7).

The minimal total unidominating function f defined in Case 3 of Theorem 2.1 is given by

The functional values of f are 0111110...0111110011110011.

Take a - 0111110, b - 011110.Then f is in the pattern of aaa ...ab011 . These letters

. -9 -2
aaa ...ab can be arranged in nT +1= "T ways.

Therefore there are % minimal total unidominating functions.
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Now as per the discussion in Case 2 we obtain some other minimal total unidominating

functions.
Define a function f;:V — {0,1} by

1 fori=0,1,2,56(mod?7)i+n,
0 otherwise.

fiw) ={

On similar lines as in Theorem 2.1 we can show that f; is a minimal total unidominating

function.

Now Efl(u)=1+1+0+0+1+1+1+1+1+0+---+

uevy

5(n—9 5n -3
M+4= n

0+1+1+1+1+1+0+0+1+1+1+1+0=2+—— -

)

This functionf; is given by

That is the functional values of f; are 1100111110...0111110011110.

That is f; is in the pattern of 110aa ... ab.

Therefore there are "7;2minimal total unidominating functions.

% = 2n7_4 = 127"1 minimal total unidominating functions with

Therefore there are % +
maximum weightl‘%"].
Case 4: Letn = 3(mod 7).

A minimal total unidominating function fdefined in Case 4 of Theorem 2.1 is given by

“ 3 o oo ——% 9 9o+ % 2 »
¢ 1 11110 0 - 0 1 1 11100 1 1
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The functional values of f are 0111110...01111100111110011.

Take a-0111110. Thenf is in the pattern of aaa..aa011. These letters can be

arranged in only one way so that there is only one minimal total unidominating function.
Define another function f;: V — {0,1} by

fori=0,1,2,5,6(mod7),
otherwise.

A ={;

As above we can show that f; is a minimal total unidominating function.

Nowal(u)z1+1+0+O+1+1+1+1+1+0+---+
uev

5(n—3) 5n-1
7 7

0+1+1+1+1+1+0+0+1+1+1+1+1+0=2+

_l5n
==

This function is given by

The functional values of f; are 1100111110...01111100111110.

Take a- 0111110. Then the functional values of f; are in the pattern of 110aa ...aa.

These letters aaa ... aa can be arranged in only one way.

Therefore there existsonly one function.
Thus there are only two minimal total unidominating functions with maximum weightl57"J :

Case 5: Letn = 4(mod 7).

A minimal total unidominating function f defined in Case 5 of Theorem 2.1 is given by

|

The functional values of f are 0111110 — ——011111001111100110.
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Take a- 0111110, d - 0110. Then f is in the pattern of aaa...ad. These letters

-4 +3
aaa ...ad can be arranged in nT +1= nT ways.

Therefore there are # minimal total unidominating functions.

As in Case 4 now we define another function f;:V — {0,1} by
fiv) =f(w),i#n—-3,n-5,

and fi(vp—3) =1, fi(vp—5) = 0,n = 11.

We can see that f; is a minimal total unidominating function.

Also

Zfl(u)=0+1+1+1+1+1+0+---+0+1+1+1+1+0+

u€ey

5(n—-11) 5n—6 |5n
0+1+14+14+40=——7-—-+4+3= =l—J
7 7 7
This function is given by
D— > - i i ———————

The functional values of f; are 0111110...011111001111001110.

Take a- 0111110, b- 011110, c- 01110,d - 0110. Then f; is in the pattern of
aa ...abc . These 'l7l3letters a’s,b’s and c’s can be arranged in
n+3

Therefore there are (@) (n7;4) minimal total unidominating functions.

Define another function f,: V — {0,1} by

fw) = {1 for i =0,1,2,56(mod 7),i #n—3,i #n — 2,
o for i=34(mod7),i+n—1,i #n,
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andf,(v,—3) =0, (v, 2) =0, f,(vp1) = 1, L(v,) =L,n = 11.
We can see that this is a minimal total unidominating function.

Also

Zfz(u)=1+1+0+0+1+1+1+1+1+0+---+

u€ey

5(n—-11
04+14+1+1+14+140+0+14+1+1+0 +0+1+1=2+¥+3+2

_5n—6_l5nJ
7 7]

The function £, is given by

The functional values of f, are 1100111110...011111001110011.
Take a- 0111110, ¢ — 01110. Then £, is in the pattern of 110aa ...ac011.

11, . n—4
These ——a’s and one c can be arranged in —- ways.

Therefore there are # minimal total unidominating functions.

Define another function f5:V - {0,1} by f;(v,) = f,(vy), i#n—-7,n—9
and f3(vp—7) =1, f3(v,—9) = 0,n = 18.

We can see that this is also a minimal total unidominating function.

Now

D@ =141+04041+1+1+1+140++

u€ey

0+1+1+1+1+0+0+1+1+1+1+0+0+1+1

P 5(n—18) +4+4+2_5n—6_lSnJ
B 7 7 17 f
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This function is given by

The functional values of f; are 1100111110...011110011110011.

Take a- 0111110, b - 011110. Then f3 is in the pattern of 110aa ...abb011. These

n—4 n—4\ (n-11
a's and two b’s can be arranged in (”(‘178))u!2| = ( 7 )2( 7 )

n—18

ways.

n—4\ (n—11
Therefore there are (7)2# minimal total unidominating functions.

Define another function f,: V — {0,1} by
faiv) = fiw),i#n—-12,n—-10,n—6,n — 4,

andfy(vn_12) = 0, fo(p_10) = L, fa(Wp—6) = 0, fa(vp—4) = L,n = 18.

We can see that this is also a minimal total unidominating function.

NMNEJQw)=0+1+1+1+1+1+0+m+0+1+1+1+1+0

uevy

+0+1+1+1+1+0+0+1+1+1+1+0

t4+4+4=
7 7

_5(n—18) 5n—6 lSn
=" ==

This function is given by

The functional values of f, are 01111110...0111110011110011110011110.

Take a- 0111110, b- 011110. Then f; is in the pattern of aa..abbb. These

ni3) (ni3)(n—t)m-11
a's and three b’s can be arranged in (71(__178))"3| = ( z )( ;.)( . ) ways.
—)13!

n—18

()

3!

Therefore there are minimal total unidominating functions.
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n+3\/n—-4\/n-11

Thus there are# + (#) (?) + # + %(#) ("‘711) n Gt 73')( )

= %H [3771 +%[§] BJ (BJ —~ 1)minimal total unidominating functions with
maximum weightl57"J.
Case 6: Letn = 5(mod 7).

A minimal total unidominating function f defined as in Case 6 of Theorem 2.1 is given

by

The functional values of f are 0111110...011111001110.

Take a- 0111110, ¢c- 01110. Then f is in the pattern of aaa..ac. These

-5 - +2
"T a'sandone b can be arranged in "7 ways.

Therefore there are # minimal total unidominating functions.

Define another function f; by

filv) = f(w;) forallv,eV,i#n—4,n—-=6
andfi(vp—4) = 1, fi(vp—6) = 0,n = 12.
We can see that this is a minimal total unidominating function and £, (V) = [57"1

This function is given by

The functional values of f; are 0111110...011110011110.
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Take a- 0111110, b — 011110. Then f; isin the pattern of aaa ...abb. Now there

) _ &)

are =i

minimal total unidominating functions.

Another function f,: V — {0,1} is defined by

f,(w) = {1 i=0,1,256(mod7) i#n—3,
20 i =34(mod7)i#n—1,

and f,(vn,3) =0, f,(v,—1) = 1.
We can see that f, is a minimal total unidominating function and f,(V) = [57"J

This function is given by

The functional values of f, are 1100111110...0111110011110011.

Take a- 0111110, b - 011110. Then £, is in the pattern of 110aaa ...ab011.

n—12
7

-5 . -5
These +1= "7 letters can be arranged in ”Tways.

Therefore there are "7;5 minimal total unidominating functions.

Hence there are #+ %(#) (?) + % = m+%m BJ+ BJ minimal total

unidominating functions with maximum Weight[57nJ.

Case 7: Let n = 6(mod 7).

A minimal total unidominating function f defined as in Case 7 of Theorem 2.1 is given by

The functional values of f are0111110...0111110011110.
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Take a-0111110,b = 011110.Then the function f is in the pattern of aaa ...ab. As

-6 . —6 +1 .. . . .
there are nTas and one b, there exist "7 +1= nT minimal total unidominating

functions.
Therefore the number of minimal total unidominating functions in the pattern of faren%l.

Define another function f;:V — {0,1} by

1 fori=0,1,2,56(mod7),
0 otherwise.

fiw) ={

We can easily verify that f; is a minimal total unidominating function.

The functional values of f; are 1100111110...0111110011.
Take a — 0111110. Then f; is in the pattern of 110aaa ...a011.

This is the only one function in this pattern.

Therefore there are "%1 + 1= H + 1 minimal total unidominating functions with

maximum weightl%"] .;

3. ILLUSTRATIONS

Example 3.1: Letn = 42.

We know that 42= 0(mod 7).

The functional values of a minimal total unidominating function f defined as in

Case 1 of Theorem 2.1 for P,,are given at the corresponding vertices.

B o o o o e o o o o e e o e e o o e e e e . S o o T o 3

¢ 1111 1!®¢®11 1 1 1! o111 1 1 ool 1 1 1 1 o011 111 1 ool 1 1 110

5x 42
7

Upper total unidomination number :[ J =30.m

There is only one minimal total unidominating function for P, with maximum weight.
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Example 3.2: Letn = 29.
We know that 29 = 1(mod 7).
The functional values of minimal total unidominating functionsf defined as in

Case 2 of Theorem 2.1 andfi, f5, f3 defined as in Case 2 of Theorem 2.2for P,q are given

at the corresponding vertices.

5x 29
7

Upper total unidomination number ofPyg is [ J = 20.

There are H [g] = lgj [? = 4x5 = 20 minimal total unidominating functions with

maximum weight. m

Example 3.3: .Letn = 30.

We know that 30= 2(mod 7).

The functional values of minimal total unidominating functionsf defined as in

Case 3 of Theorem 2.1 and f; defined as in Case 3 of Theorem 2.2 for P;, are given at the

corresponding vertices.
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5x 30
7

Upper total unidomination number of P30is[ J = 21.

2x 30

- J=8 minimal total unidominating functions with maximum

2n
There are 171 =l
weight. m
Example 3.4: Letn = 24.
We know that 24 = 3(mod 7).

The functional values of a minimal total unidominating functionsf defined as in

Case 4 of Theorem 2.1 and f; defined as in Case 4 of Theorem 2.2for P,, are given at the

corresponding vertices.

5x24-J _ [120

- 7]:17.

Upper total unidomination number of P,, is l
There are two minimal total unidominating functions with maximum weight. m
Example 3.5:Letn = 25.

We know that 25= 4(mod 7).

The functional values of minimal total unidominating function f defined as in

Case 5 of Theorem 2.1 and fi, f5, f3, f4 defined as in Case 5 of Theorem 2.2 for P,s are

given at the corresponding vertices.
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f

4111.\11155111:Dallllﬂnlljla
. . . . |5x25

Upper total unidomination number is lTJ =17.

There are% H [37"] + % H BJ (BJ — 1) = 26 minimal total unidominating functions with
maximum weight. m

Example 3.6:Let n = 33.

We know that 33 = 5(mod 7).

The functional values of minimal total unidominating functionsf defined as in

Case 6 of Theorem 2.1 and f;, f, defined as in Case 6 of Theorem 2.2 forP;; are given at

the corresponding vertices.

. L . |5x33 165
Upper total unidomination number |s[ x7 J = TJ =23.
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There are [gl +%[§] l% + l% = 5+10+4 = 19 minimal total unidominating functions
with maximum weight. m

Example 3.7: Let n = 27.

We know that 27 = 6(mod 7).

The functional values of minimal total unidominating functionsf defined as in

Case 7 of Theorem 2.1 and f; defined as in Case 7 of Theorem 2.2 for P,, are given at

the corresponding vertices.

5x 27

7J=19.

Upper total unidomination number is l

There are [g] + 1 = 5 minimal totalunidominating functions with maximum weight. &
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